Introduction
The non perturbative construction of quantum field models with nontrivial scattering in arbitrary dimension d of the underlying Minkowski space-time is much more simple in the framework of quantum field theory with indefinite metric than in the positive metric case. In particular, there exist a number of solutions in the physical dimension d = 4, where up to now no positive metric solutions are known. Here we review, why this is so, and we discuss some examples obtained by analytic continuation from the solutions of Euclidean covariant stochastic partial differential equations (SPDEs) driven by non-Gaussian white noise.
Main text
It has been proven by F. Strocchi that a quantum gauge field in a local, covariant gauge cannot act on a Hilbert space with a positive definite inner product. But it is possible to overcome this obstacle by passing from a Hilbert space representation of the algebra of the quantum field to Krein space representations in order to preserve locality and covariance under the Poincaré group.
A Krein K space is an inner product space which also is a Hilbert space with respect to some auxilary scalar product. The relation between the inner product ., . and the auxilary scalar product (., .) is given by a self-adjoint linear operator J : K → K with J 2 = 1 K and ., . = (., J.). J is called the metric operator. A quantum field acting on such a space is called a quantum field with indefinite metric. The formal definition is as follows: Let D ⊆ K be a dense linear space and Ω ∈ D a distinguished vector henceforth called the vacuum. Let S = S(R d , C N ) be the space of Schwartz test functions with values in C N . A quantum field φ by definition is a linear mapping from S to the linear operators on D. One usually assumes that D is generated as the linear span of vectors generated by repeated application of field operators to the vacuum. The following properties should hold for the quantum field φ: = JU * J| D and leaves Ω invariant. φ is said to be covariant with respect to U and a representation τ of the covering of the orthochonous, proper Lorentz groupL
, be the representation of the translation group and let σ = ∪ Ψ,Φ∈D suppF ( Ψ, U (.)Φ ) with F the Fourier transform (in the sense of tempered distributions). Formally, σ is the joint spectrum of the generators of space-time translations U (a). The spectral condition then demands that σ ⊆V 
The quantum mechanical interpretation of the inner product of two vectors in K as a probability amplitude however gets lost. It has to be restored by the construction of a physical subspace of K where the restriction of the inner product is non-negative. This is called the Gupter-Bleuler gauge procedure. Typically, one considers the problem of constructing quantum fields with indefinite metric first. This is being seen as the dynamic side of the problem. The construction of the physical states, which can also be seen as implementation of quantum constraints, is often postponed.
The vacuum expectations values (VEVs), also called Wightman functions, of the quantum field theory with indefinite metric (IMQFT) are defined as:
An axiomatic framework for (unconstrained) IMQFT has been suggested by G. Morchio 
This condition makes sure that a field algebra on a Krein space with VEVs equal to the given set of Wightman functions can be constructed. The remaining axioms of the Wightman framework -temperedness, covariance, spectral condition, locality and Hermiticity -remain the same. Clustering of Wightman functions is assumed at least for massive theories:
for space-like a ∈ R d . It fails to hold in certain physical contexts where multiple vacua (also called Θ-vacua) accompanied with massless Goldstone Bosons occur due to spontaneous symmetry breaking.
In the original Wightman axioms there are essentially two nonlinear axioms: Positivity and clustering. Non-linear here means that checking that condition involves more than one VEV with a given number of field operators. The cluster condition can be linearized by an operation on the Wightman functions called 'truncation'. The equations
recursively define the truncated Wightman functions W T n for n ∈ N. Here P (n)
stands for the set of all partitions of {1, . . . , n} into disjoint, nonempty sets. Unfortunately, the positivity condition (at least when combined with nontrivial scattering) becomes highly non-linear for truncated Wightman functions. This can be seen as one explanation, why it is so difficult to find non trivial (i.e. corresponding to nontrivial interactions) solutions to the Wightman axioms. But it turns out that in contrast to positivity the Hilbert space structure condition is essentially linear for truncated Wightman functions.
n is continuous with respect to . ⊗n for n ∈ N then the associated sequence of Wightman functions {W n } fulfills the Hilbert space structure condition (2).
Note that .
⊗n is well-defined as S is a nuclear space. This theorem makes it much more easy to construct quantum fields with indefinite metric. In particular, all known solutions of the linear program for truncated Wightman functions lead to an abundance of mathematical solutions to the axioms of IMQFT, as long as the singularities of truncated Wightman functions in position and energy-momentum space do not become stronger and stronger with growing n. E.g. the perturbative solutions to Wightman functions of A. Ostendorf and O.
Steinman provide solutions when the perturbation series is truncated at a given order.
In the classical work on constructive quantum field theory relativistic fields in space-time dimensions d = 2 and 3 have been constructed by analytic continuation from Euclidean random fields. This in particular has led to firm connections between quantum field theory and equilibrium statistical mechanics. Let us discuss one specific class of solutions of the axioms of IMQFT for d arbitrary which also stem from random fields related to an ensemble of statistical mechanics of classical, continuous particles. On the mathematical side, this is conneted with using random fields with Poisson distribution. As usually in constructive QFT, the moments, also called Schwinger functions, of the random field can be analytically continued from Euclidean imaginary time to relativistic real time. That this is possible results from an explicit calculation. Axiomatic results cannot be used as they depend on positivity or reflection positivity in the Euclidean space-time, respectively.
By definition, a mixing Euclidean covariant random field ϕ is an almost surely linear mapping from S R = S(R d , R N ) to the space of real valued measurable functions (random variables) on some probability space that fulfills the following properties:
for all square integrable random variables A = A(ϕ), B = B(ϕ) and B ta = B(ϕ ta ),
The mixing condition in the Euclidean space-time plays the same rôle as the cluster property in the generalized Wightman axioms.
In particular, we consider such random fields ϕ obtained as solutions of the stochastic partial differential equation Dϕ = η. In this equation, η is a noise field, i.e. η is τ -covariant for some representation, η(f ) has infinitely divisible probability law and η(f ), η(h) are independent ∀f, h ∈ S R with suppf ∩supph = ∅. D is a τ -covariant (i.e. τ (Λ)Dτ (Λ) −1 = D ∀Λ ∈ SO(d)) partial differential operator with constant coefficients (also pseudo differential operators D could be considered). From the classification of infinitely divisible probability laws it is known that η essentially consists of Gaussian white noise and Poisson fields and derivatives thereof. Such a Gauss-Poisson noise field by the Bochner-Minlos theorem is characterized by its Fourier transform. Direct relations with QFT arise if one chooses
where ψ : R N → C is a Lévy function,
Here · is a τ -invariant scalar product on R N , σ a positive semidefinite τ -invariant N × N matrix, z ≥ 0 a real number and r is a τ -invariant probability measure on R n \ {0} with all moments.σ
is a polynomial depending on D. IfD −1 , the Fourier transformed inverse of D, exists, it can be represented bŷ
Here Q E (k) is a complex N × N matrix with polynomial entries being τ -
. ν l ∈ N and m l ∈ C \ (−∞, 0) are parameters with the interpretation of the mass spectrum (m 1 , . . . , m P ) and (ν 1 , . . . , ν P ) the dipole degrees of the related masses. We restrict ourselves to the case of positive mass spectrum where m l > 0 and in this case
One can show that ϕ obtained as the unique solution of the SPDE Dϕ = η is an Euclidean covariant, mixing random field. The Schwinger functions (moments) of ϕ are given by
One then gets that the Schwinger functions can be calculated explicitly. They are determined by the truncated Schwinger functions, cf. (4), as follows:
and for n ≥ 3
where
with
and the Einstein convention of summation and uppering/lowering of indices on R N w.r.t. the invariant inner product · is applied. The Schwinger functions fulfill the requirements of τ -covariance, symmetry, clustering and Hermiticity from the Osterwalder-Schrader axioms of Euclidean QFT.
While there is no known general reason, why a relativistic QFT should exist for the given set of Schwinger functions, one can take advantage of the explicit formulae (10)-(13) in order to calculate the analytic continuation from Euclidean to relativistic times explicitly.
It simplifies the considerations to exclude dipole fields, i.e. one assumes that ν l = 1 for l = 1, . . . , n. In physical terms, the no-dipole condition guarantees that the asymptotic fields in Minkowski space-time fulfill the Klein-Gordon equation and thus generate particles in the usual sense if applied to the vacuum. If this condition is not imposed, asymptotic fields might only fulfill a dipole equation ( + m 2 ) 2 φ in/out = 0 or a related hyperbolic equation of even higher order and the particle states generated by application of such fields to the vacuum require a gauge fixing (constraints) in order to obtain a physical interpretation. Given the no-dipole condition, one obtains by expansion into partial fractions
with b l ∈ (0, ∞) uniquely determined and b l = 0. For the truncated Schwinger functions this implies (n ≥ 3)
At this point, a lengthy calculation yields a representation of the functions
..,mn that fulfills the spectral condition. This is equivalent to the statement that the analytic continuation of such functions to relativistic times yields W T n,m1,...,mn , where the latter distribution is the inverse Fourier transform ofŴ T n,m1,...,mn . This distribution up to a constant that can be integrated into Q E is given by
, where θ is the Heaviside step function and
On the other hand the partial differential operator Q E n can be analytically continued in momentum space
the analytic continuation of Schwinger functions can be summarized as follows: Making again use of the explicit formula in Theorem 2, the condition of Theorem 1 can be verified. This proves the existence of IMQFT models associated to the class of random fields under discussion.
Theorem 3
The Wightman functions defined in Theorem 2 fulfill the HSSC. In particular, there exists a QFT with indefinite metric s.t. the Wightman functions are given as the vacuum expectation values of that IMQFT.
Theories as described in Theorem 2 obviously have trivial scattering behavior if the noise field η is Gaussian, i.e. if in (7) z = 0. In the case when there is also a Poisson component in η, i.e. z > 0, higher order tuncated Wightman functions do not vanish and such theories have non-trivial scattering.
Before the scattering of the models can be discussed, some words need to be said about scattering in IMQFT in general. The scattering theory in axiomatic QFT, Haag-Ruelle theory, relies on positivity. In fact, one can show that in the class of models under discussion the LSZ asymptotic condition is violated if dipole degrees of freedom are admitted. In that case more complicated asymptotic conditions have to be used. In any case, Haag-Ruelle theory cannot be adapted to IMQFT.
Nevertheless, asymptotic fields and states can be constructed in IMQFT if one imposes a no-dipole condition in a mathematically precise way. Then the LSZ asymptotic condition leads to the construction of mixed VEVs of asymptotic in-and out-fields with local fields. The collection of such VEVs is called the form factor functional. After constructing this collection of mixed VEVs, one can try to check the HSSC for this functional and the obtains a Krein space representation for the algebra generated by in-local and out-fields.
Following this line, asymptotic in-and out-particle states can be constructed for the given mass spectrum (m 1 , . . . , m P ). If a in/out † α,l (k), l = 1, . . . , P denotes the creation operator for an incoming/outgoing particle with mass m l , spin component α and energy-momentum k, the following scattering can be derived for r incoming particles with masses m l1 , . . . , m lr and n − r outgoing particles with masses m lr+1 , . . . , m ln 
even though in-and out-particle states consist of particles with well-defined sharp masses. Thus, for the incoming particle the energy uncertainty which for a particle at rest is proportional to the mass uncertainty vanishes but still the particle undergoes a non-trivial decay and must have a finite decay time. This appears to be a contradiction to the energy-time uncertainty relation, which therefore seems to have a unclear status in IMQFT, (i.e. in QFT including gauge fields). The origin of this inequality, which of course is experimentally very well tested, apparently has to be located in the constraints of the theory and not in the unconstrained IMQFT. Secondly, one can replace somewhat artificially the polynomials Q M n in (17) by any other symmetric and relativistically covariant polynomial. If the se-quence of the "new" Q M n is of uniformly bounded degree in any of the arguments k 1 , . . . k n , the re-defined Wightman functions in (17) still fulfill the requirements of Theorem 1 and thus define a new relativistic, local IMQFT. The scattering amplitudes of such a theory are again well-defined and given by (20). E.g. in the case of only one scalar particle with mass m one can show that arbitrary Lorentz invariant scattering behavior of Bosonic particles can be reproduced by such theories for energies below an arbitrary maximal energy up to arbitrary precision. This kind of interpolation theorem shows that the outcome of an arbitrary scattering experiment can be reproduced within the formalism of (unconstrained) IMQFT as long as it is in agreement with the general requirements of Poincaré invariance and statistics.
